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We study pairing formation and the appearance of induced spin-triplet p-wave superfluidity in
dilute three-dimensional imbalanced Fermi gases in the presence of a uniform non-Abelian gauge
field. This gauge field generates a synthetic Rashba-type spin-orbit interaction which has remarkable
consequences in the induced p-wave pairing gaps. Without the synthetic gauge field, the p-wave
pairing occurs in one of the components due to the induced (second-order) interaction via an ex-
change of density fluctuations in the other component. We show that this p-wave superfluid gap
induced by density fluctuations is greatly enhanced due to the Rashba-type spin-orbit coupling.
I. INTRODUCTION
The tremendous improvement of the techniques of
dealing with ultra cold atoms in the last few years, has
paved the way for studying many-body quantum phe-
nomena in an unprecedented manner1–4. The possibility
of observation of exotic states of matter, which may have
analogies with condensed matter, quark matter and neu-
tron star physics, such as topological phase transitions
(TPT), Majorana fermions and color superconductivity,
has greatly motivated the investigation of pairing and
condensation of ultra cold Fermi systems under the in-
fluence of external electric and magnetic fields5,6. While
the laser field allows the spin-orbit coupling, the Zeeman
magnetic field leads to an imbalance between the spin up
and spin down chemical potential of the two fermionic
species. TPT emerge only in the presence of these two
fields7.
Motivated by recent experimental realization of syn-
thetic spin-orbit coupling for ultracold atoms8–10, we
study the ground state of dilute (spin 1/2) Fermi gases.
We investigate the manifestation of two possible induced
p-wave pairing gaps, a “direct” one. induced by a
Rashba-type spin-orbit coupling (RTSOC) generated by
a synthetic gauge field11,13, and that induced by density
fluctuations.
From the cold atom side, pairing formation in non-
conventional systems (e.g. the one formed by a two-
species imbalanced configuration) is of great interest in
the investigation of mixtures of alkali atoms as, for ex-
ample, Lithium-Potassium mixtures14. A multi-pairing
system turns out to be very interesting when compared
to the usual configuration, since the ground state now re-
sults from a competition not only of Fermi surface, chemi-
cal potential and mass mismatches, but also from the sev-
eral pairing gaps that can simultaneously be present15,18.
However, these recent investigations in imbalanced
(non-conventional) systems without RTSOC did not con-
sider interactions between the same component. In other
words, only s-wave (inter-species) pairing gaps have been
taken into account. In this paper we consider pairing be-
tween the same species from the point of view of induced
interactions that can emerge in the two situations we
mentioned earlier.
In an imbalanced configuration, standard (BCS) s-
wave pairing is energetically unfavorable to occur36,37. In
this adverse scenario, other kinds of pairing are expected
to manifest16,17. Intra-species p-wave pairing gaps in-
duced by density fluctuations are our main interest in
this work, since those gaps survive in the limit of vanish-
ing RTSOC and chemical potential imbalance. Previous
studies (without RTSOC) found that while the p-wave
energy gain is parametrically smaller in weak coupling,
in asymptotic regions of imbalance and coupling the gaps
are exponentially suppressed21. We find that this is mod-
ified in the presence of a RTSOC. We show that even in
weak coupling, the p-wave pairing gap induced by density
fluctuations can be greatly enhanced, due to RTSOC.
The possibility of the Fulde-Ferrel-Larkin-Ovchinnikov
(FFLO) state with modulated order parameter22 is ig-
nored in this work. We consider only pairing between
atoms with equal and opposite momenta.
This paper is organized as follows. In Sec. I, after in-
troducing the model, we obtain a diagonal (in the helicity
basis) Hamiltonian, which contais the free and the RT-
SOC terms. In Sec. II we calculate the p-wave pairing
gaps in the presence of a RTSOC and by density fluctu-
ations as a function of this RTSOC, and investigate its
effects on the p-wave gaps. We conclude in Sec. III.
II. THE MODEL
The system we are investigating is an imbalanced
Fermi gas which is illustrated by Fig. 1. An intra-species
pairing gap between atoms of same species (both of spin
down) will naturally emerge, due to interactions induced
by density fluctuations, even in the absence of a Rashba-
type spin-orbit coupling. This pairing gap is of p-wave,
since s-wave induced interactions is forbidden by Pauli
2exclusion. As we will see below, additional p-wave pair-
ing gaps will manifest, induced by a RTSOC.
To model the (s-wave) interaction between the spin-up
and spin-down atoms, we consider a uniform 3D polarized
Fermi gas with a RTSOC, described by the Hamiltonian:
H = H0 +HSO +Hint, (1)
where H0 is the kinetic term, HSO is a Rashba-type spin-
orbit interaction, generated by a synthetic gauge field,
and Hint is the term with a short-range s-wave interac-
tion between the two fermionic species.
H0 =
∑
k,σ
ξk,σc
†
k,σck,σ,
HSO =
∑
k
λk
(
e−iϕkc†k,↑ck,↓ + h.c.
)
,
Hint =
∑
k,k′
g(k,k′)c†k,↑c
†
−k,↓c−k′,↓ck′,↑, (2)
with ξk,σ = ǫk − µσ = ~k2/(2m) − µσ, where µσ=↑,↓ =
µ± h is the chemical potential of the σ = {↑, ↓} species.
Here µ is the chemical potential of the balanced system
and h is an effective Zeeman field. We consider the im-
balanced configuration in which k↑F > k
↓
F , where k
↑,↓
F =√
2mµ↑,↓ is the Fermi momentum of the ↑, ↓ species, re-
spectively. c†
k,σ(ck,σ) denotes the creation(annihilation)
operators for a fermion with momentum k and spin
σ, λ is the strength of gauge field configuration, with
ϕk = arg(kx + iky) and g(k,k
′) is the interaction poten-
tial (for convenience, we set ~ = kB = 1). Notice that
in Eq. (2) k =
√
k2x + k
2
y + k
2
z . This corresponds to the
most symmetric synthetic gauge field configuration11,12.
In two dimensions this RTSOC interaction, generated by
a synthetic gauge field, reduces to the usual Rashba spin-
orbit coupling term.
The presence of the interaction term in H is responsi-
ble for the appearance of non-trivial spatial correlations
between the fermions of spin σ and σ′, which are pro-
portional to a gap parameter ∆σσ′(k) ∼ 〈ck,σc−k,σ′〉,
where σ, σ′ = {↑, ↓}. The Pauli exclusion principle im-
poses that the gap parameter has to obey ∆σσ′ (k) =
−∆σ′σ(−k). There are four possible spin configurations
for the two spin 1/2 fermions considered here: one singlet
and three triplets. The gap parameters may be writ-
ten as ∆σσ′ (k) ∼
∑
l,m∆l,mYl,m, where Yl,m are the
spherical harmonics. The p-wave triplet refers to angu-
lar momentum l = 1, for which the magnetic moments
are m = 0,±1. The spherical harmonics Yl,m with l = 1
can be expressed as a linear function of the vector k as23,
Y1,1(k) ∼ kx+iky, Y1,−1(k) ∼ kx−iky, and Y1,0(k) ∼ kz,
where Y1,±1(k) represent a state with two nodal points,
while Y1,0(k) a state with a nodal plane. The states with
order parameter ∆σσ′ (k) ∼ Y1,±1(k) break time-reversal
symmetry. As we will see below, the two induced p-wave
triplet pairing gaps we find here are of this type.
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FIG. 1: (Color online) Spin-up atoms form s-wave
pairing with spin-down ones, while induced p-wave
pairing between atoms of same species emerges due to
the presence of the other species.
It is instructive to diagonalize first H0 + HSO, which
gives
H0 +HSO =
∑
k,j=±
ξk,ja
†
k,jak,j . (3)
In Eq. (3) a†k,±(ak,±) is the creation(annihilation) opera-
tor for the state with helicity (±), ξk,± = ξk±Hk, where
ξk = k
2/(2m)− µ, and Hk ≡
√
h2 + λ2k2.
In the next section we obtain the p-wave gap induced
by a RTSOC, and calculate that induced by density fluc-
tuations. Finally we discuss the relative importance of
these contributions in a unique expression.
III. THE TRIPLET PAIRING GAPS
A. P-wave triplet pairing induced by a RTSOC
Since we are mainly interested to investigate induced
(by both a RTSOC and density fluctuations) p-wave
triplet pairings, we take a constant (i.e., k-independent)
interaction strength g < 0, which is equivalent to con-
sider only spin-singlet pairing. We treat the Hint term
using a BCS decoupling, and then write it in the basis
that diagonalizes H0 +HSO
24,
3Hint = − | ∆ |
2
g
+
∑
k
∆+−(k)a
†
k,+a
†
−k,− (4)
+
∑
k,j=±
∆jj(k)a
†
k,ja
†
−k,j + h.c.
To regulate the divergence associated with the contact
interaction term in Hint, we use
1
g
=
m
4πas
−
∫
d3k
(2π)3
m
k2
. (5)
Besides the regularization of the ultraviolet divergence
present in the gap equation, this equation relates the
strength g of the contact interaction with the three di-
mensional scattering length as, which is more physically
relevant, since it permits to make contact with current
experiments.
In Eq. (4) we have defined ∆+−(k) = ∆s(k), and
24
∆++(k) =
(kx + iky)
k⊥
∆p (6)
∆−−(k) =
(kx − iky)
k⊥
∆p,
where k⊥ =
√
k2x + k
2
y, and
(
∆s(k)
∆p(k)
)
=
1
2
√
λ2k2 + h2
(
2h
−λk
)
∆. (7)
∆ = −g∑k < c−k,↓ck,↑ > is the s-wave energy gap.
Notice that ∆s(k)
2 + 4∆p(k)
2 = ∆2. This shows that in
an imbalanced (h 6= 0) Fermi system with RTSOC, the
original s-wave order parameter (∆) has contributions
from pairing with both the same and different helicity
states25.
The pairing gaps ∆−−(k) and ∆++(k) are of the p-
wave triplet type (∼ Y1,±1(k)) as we mentioned earlier.
However, they vanish in the limit λ → 0. This is the
reason we have named them as “induced by RTSOC”
p-wave pairing gaps.
The excitation spectra read Ek,± =√
ξ2k+ | ∆ |2 +H2k ± 2E0, where E0 =√
h2(ξ2k+ | ∆ |2) + λ2k2ξ2k. The vanishing of the
excitation energies (i.e. Ek,± = 0) implies the equation
(E2k −H2k)2 + (2λk∆)2 = 0, (8)
where Ek =
√
ξ2k +∆
2. Notice that the above equation
will be satisfied only for k = 0 and Ek=0 = Hk=0. This
gives an equation for a critical field hc =
√
µ2 +∆2 at
which a quantum phase transition to a topological su-
perfluid state occurs26,27. For a fixed value of λ and in
the limit h ≫ hc it is found that the pairing gap which
enters in Eq. (7) behaves as ∆ ∼ C/h2 (where C is a
constant depending on λ) both in 2D26 and 3D27. Thus,
in a highly imbalanced system, the “direct” triplet p-
wave pairing gaps decrease as ∆p ∼ C/h3. Therefore, in
such an imbalanced configuration, when the imbalance
tends to lead the system to the normal state, the direct
triplet p-wave pairing gaps are vanishingly small. This
is natural to expect, since the spin-triplet p-wave pairing
induced by RTSOC occurs due to the direct short-range
s-wave inter-component interaction28.
As we will see next, there is a second-order interac-
tion, that also generates a p-wave pairing gap, which is
that induced by density fluctuations. This investigation
has been carried out previously without RTSOC in, for
instance, Refs.21 and29. It was found that the p-wave
pairing gaps induced by density fluctuations are expo-
nentially suppressed by both the strength of the cou-
pling constant and asymmetry between the up and down
species. We show that they are significantly enhanced
when the effects of RTSOC are taken into account. More
importantly, we discuss the limits the p-wave pairing gaps
induced by density fluctuations overcome that from first-
order contributions.
B. P-wave triplet pairing induced by density
fluctuations
We start the calculation of the induced interaction
for the majority species, i.e., for the atoms with +
helicity. The induced interaction was obtained origi-
nally by Gorkov and Melik-Barkhudarov (GMB) in the
BCS limit by second-order perturbation theory30. For a
(back-to-back) scattering process depicted in Fig. 2, with
p1+p2 → p3+p4, the induced interaction to lowest order
in the s-wave chanel is given by31,
Uind(p1, p4) = −g2 χph(p1 − p4), (9)
where pi = (ki, ωli) is a vector in the space of wave-vector
k and fermion Matsubara frequency ωl = (2l + 1)π/(β).
The polarization function χph(p
′) is given by
χph(p
′) =
1
βV
∑
p
G0b(p)G0a(p+ p′) (10)
=
∫
d3k
(2π)3
fk,− − fk+q,−
iΩl + ξk,− − ξk+q,− ,
where p′ = (q,Ωl), Ωl = 2lπ/β is the Matsubara fre-
quency of a boson. The Matsubara Green’s function
of a non-interacting Fermi gas is given by G0−(p) =
1/(iωl − ξk,−). Notice that this polarization function is
being calculated in the basis of the helicity states. Mak-
ing the integrations above assuming that h ≪ λkF , we
get
χ(|~q|) = −N−F,λL(x−)−Nλ[L(z) + F (x−)− F (z)], (11)
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FIG. 2: Induced interaction for back-to-back scattering
in the original spin representation.
where N−F,λ =
mk
−
F,λ
2pi2 is the density of states at the “de-
formed” Fermi surface of the − species, Nλ = mkλ2pi2 ,
x− = q
2k−
F,λ
, z = q2kλ , k
−
F,λ = k
−
F −kλ, with kλ ≡ mλ, and
q = |~q|. L(x) is the static Lindhard function,
L(x) =
1
2
− 1
4x
(1− x2) ln
∣∣∣∣1− x1 + x
∣∣∣∣ , (12)
and we have also defined
F (x) = − 1
x
ln
∣∣∣∣1− x1 + x
∣∣∣∣+ ln
∣∣∣∣1− 1x2
∣∣∣∣ . (13)
The Fermi momenta of the (free) +− atoms are found by
ξkF ,± = 0, which read
24
kF,± =
√
2m(µ+mλ2)± 2m
√
h2 +mλ2(mλ2 + 2µ).
(14)
Expressing the coupling g in terms of the s-wave scatter-
ing length to lowest order,
Uind =
(
4πas
m
)2
[N−F,λ L(x
−)+Nλ(L(z)+F (x
−)−F (z))].
(15)
In the scattering process conservation of momentum
implies ~k1 + ~k2 = ~k3 + ~k4 which is set to zero. q
is equal to the magnitude of ~k1 + ~k3 = ~k1 − ~k4,
then q =
√
(~k1 + ~k3).(~k1 + ~k3) =
√
~k21 +
~k23 + 2
~k1.~k3 =√
~k21 +
~k23 + 2|~k1||~k3| cos θ. Since both particles are at
Fermi surface the atoms with + helicity, |~k1| = |~k3| = k+F ,
thus, q = k+F
√
2(1 + cos θ). Then we have x− = q
2k−
F,λ
=
k
+
F
k
−
F,λ
√
2(1+cos θ)
2 = y
√
2(1+cos θ)
2 , where y =
k
+
F
k
−
F,λ
, and
z = q2kλ =
k
+
F
kλ
√
2(1+cos θ)
2 = η
√
2(1+cos θ)
2 , with η =
k
+
F
kλ
.
Taking the projection onto the Legendre polynomial
Pl=1(cos(θ))
21,29,32
UP =
1
2
∫ pi
0
cos(θ) sin(θ)dθ Uind(x), (16)
we find
UP = −
(
4πas
m
)2
G1(h, α), (17)
where G1(h, α) = N
−
F,λL1(y)+Nλ[L1(η)+F1(y)−F1(η)],
with the following definitions
L1(x) = (18)
5x2 − 2
15x4
ln
∣∣1− x2∣∣− x2 + 5
30x
ln
∣∣∣∣1− x1 + x
∣∣∣∣− x2 + 215x2 ,
and
F1(x) = (19)
2 ln
∣∣∣∣1− x1 + x
∣∣∣∣− x ln
∣∣∣∣1− 1x2
∣∣∣∣− 1x ln
∣∣1− x2∣∣ .
It is worth to mention that induced interactions have
been used to obtain the transition temperature (or tricrit-
ical point) beyond mean-field both in three31,33,34, and
two dimensions35–37. We can express y and η in terms of
the modified by RTSOC Fermi vectors kF,±,
y =
√
1 + 2α2 +
√
h¯2 + 2α2(2α2 + 2)√
1 + 2α2 −
√
h¯2 + 2α2(2α2 + 2)− α
, (20)
η =
1
α
√
1 + 2α2 +
√
h¯2 + 2α2(2α2 + 2). (21)
Here we have defined α = λ/vF , where vF is the Fermi
velocity, and h¯ = h/µ. The Fermi vector kF,− and y
are both real for h < µ, as is the case without RT-
SOC. An analogy with the mean-field analysis21 leads to
the (second-order) p-wave superfluid triplet intra-species
pairing amplitude,
∆˜++ ∼ E+F exp
[
− π
2
4 a2s k
+
F k
−
F,λ f1(h, α)
]
, (22)
5where E+F is the Fermi energy of the fermions with
+ helicity, f1(h, α) = L1(y) +
Nλ
N
−
F,λ
[L1(η) + F1(y) −
F1(η)]. To leading order in α, we can approx-
imate k+F k
−
F,λ f1(h, α) ∼ (k+F k−F − k+F kλ)L1(y) =
k2F g3(h, α)L1(y), where we have defined g3(h, α) =
g1(h, α) − g2(h, α), with g1(h, α) =
√
1 + 4α4 − h¯2 and
g2(h, α) = α
√
1 + 2α2 +
√
h¯2 + 2α2(2α2 + 2). Finally
we obtain
∆˜++ ∼ E+F exp
[
−
(
π
2 kF as
)2
1
g3(h, α)L1(y)
]
. (23)
Since the lower branch is being emptied by increasing
te RTSOC strength, the induced pairing between atoms
of the negative helicity is strongly suppressed. Its given
by
∆˜−− ∼ E−F exp
[
−
(
π
2 kF as
)2
1
g3(h, α)L1(y2)
]
, (24)
where
y2 =
√
1 + 2α2 −
√
h¯2 + 2α2(2α2 + 2)√
1 + 2α2 +
√
h¯2 + 2α2(2α2 + 2) + α
. (25)
The results of Ref.21 are readily obtained in the limit
α = 0, since k2F g3(h, α = 0) = k
↑
Fk
↓
F , y(α = 0) = k
↑
F /k
↓
F ,
and y2(α = 0) = y(α = 0)
−1 = k↓F /k
↑
F .
In Fig. 3 we show the behavior of ∆˜++/E
+
F as a func-
tion of kF as and α for h¯ = 0.15. Notice that ∆˜++/E
+
F
increases with kFas in the BCS range considered and
has a maximum for α ∼ 0.14 for all values of kF as.
This should be compared with the maximum value of
∆↑↑/E↑F obtained for α = 0 in Ref.
21, for the same value
of kFas = −0.8, ∆↑↑/E↑F ∼ 10−16, which is 102 times
lower. Notice that the absolute value of the ∆˜++ can
be increased by increasing E+F , i.e., considering systems
with higher densities and/or lighter particles.
With the induced interaction between intra-species
atoms, Eq. (9), we can make a BCS-type calculation and
obtain the second-order triplet pairing gaps (not only
their amplitudes, as before), ∆˜++(k) and ∆˜−−(k). En-
ergetic calculations show that the ground state is mini-
mized with the states ∼ (kx ± iky)38,39. Then we obtain
∆˜++(k) ∼ (kx + iky)∆˜++, (26)
∆˜−−(k) ∼ (kx − iky)∆˜−−,
where ∆˜++ is given by Eq. (22). The fact that we have
calculated the p-wave pairing gaps induced by density
fluctuations in the helicity basis allows us to write the
total triplet p-wave pairing gaps in a unique expression,
∆total++ (k) = ∆++(k) + ∆˜++(k), (27)
=
(kx + iky)
k⊥
(
∆p(k) + ∆˜++
)
,
where ∆p(k) and ∆˜++ are given by Eqs. (7) and (23),
respectively, and
∆total−− (k) = ∆−−(k) + ∆˜−−(k), (28)
=
(kx − iky)
k⊥
(
∆p(k) + ∆˜−−
)
,
where ∆˜−− is given by Eq. (24).
Now we discuss the limiting cases of the dominant gaps
(interactions) namely, the induced by RTSOC or the in-
duced by density fluctuations ones. In the limit of very
small spin-orbit coupling (α ≃ 0), no matter the value
of the s-wave interaction g, the second-order p-wave in-
duced by density fluctuations will dominate. However,
for small g and strong spin-orbit coupling i.e., α ≫ 1
(or λ ≫ vF ), the RTSOC-induced p-wave pairing gaps
dominate.
FIG. 3: (Color online) Behavior of the upper branch
helicity induced p-wave pairing gap over the Fermi
energy, ∆ ≡ ∆˜++/E+F , as a function of the
non-dimensional parameters kF as and α.
6IV. CONCLUSIONS
In summary, we have calculated the triplet pairing gap
in an imbalanced Fermi gas induced by both a RTSOC,
and that from a second-order effect on the particle in-
teraction g, due to density fluctuations. We have shown
that the first-order contribution dominates in the limit of
strong RTSOC. However, the latter prevails in the limit
of zero RTSOC, in which case the former induced p-wave
pairing gap (which comes from the first-order “direct”
interaction) vanishes.
We expect that with the current experimental tech-
niques it will be possible soon to detect (intra-species)
p-wave gaps in highly imbalanced systems. Then, the
detection of the enhancement of the p-wave gaps could
be done turning on a RTSOC and comparing the result-
ing images with the ones without the RTSOC synthetic
gauge field. Since a “weakly-paired” p-wave superfluid
with px + ipy symmetry in two dimensions is of special
relevance because its vortices support zero-energy Ma-
jorana fermions and exhibit non-Abelian statistics40, we
hope our work can stimulate new investigations in this
promising subject using our results.
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